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Energy Approach to Flutter Suppression and Aeroelastic Control

Oddvar O. Bendiksen*
University of California, Los Angeles, California 90095-1597

Flutter is only possible in regions of the system phase space where the net aerodynamic work is positive over a
suitably defined time interval, for example, one period of oscillation. In regions where the aerodynamic work is
negative, no aeroelastic instabilities can occur, and the system is totally stable. In most cases, the unstable region is
a finite subspace bounded by a closed flutter surface corresponding to neutral stability. The flutter subspace can be
defined by a nonlinear aerodynamic work functional, whose magnitude represents the strength of the aeroelastic
instability. A new flutter control concept based on aeroelastic energy principles is proposed, in which the main
objective is to move the system out of the unstable region of phase space, by altering the critical aeroelastic mode.
The classical picture of frequency coalescence flutter portrayed in aeroelasticity texts may be misleading and not
a reliable guide in the unstable region. The more typical behavior appears to be one of frequency coalescence-
divergence, where the mode frequencies tend to merge as the flutter boundary is approached from below, but
then reverse direction and start to diverge after the system has crossed the flutter boundary and penetrated about
10-20% into the unstable region. This observation is of significance in the design of aeroelastic control laws for

flutter suppression.

Nomenclature
a = speed of sound, location of elastic axis
C,,Cy = lift and moment coefficients
c = airfoil or wing chord, 2b
E,T,U = total,kinetic, and strain energy, respectively

h = plunge (bending) displacement at elastic axis (EA),
positive down

typical section stiffness in bending and torsion,
respectively

= reduced frequency, b/ Uy,

Mach number

mass per unit span

pressure

dynamic pressure, 1P U2

time

freestream velocity at upstream infinity
reduced velocity, U /b @,

aerodynamic work

angle of attack, torsion amplitude

wing elastic twist

mass ratio, m/ pb?

air density

nondimensional time, w,?/27

circular frequency, rad/s

uncoupled first bending and first torsion mode
frequencies, respectively, in vacuum
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Subscripts
F,D =

[e o) =

conditions at flutter and divergence, respectively
conditions at upstream infinity

Introduction

HE usefulness of energy concepts in explaining flutteris well-
known, for example, see the classical texts of Fung! and
Bisplinghoff and Ashley.? Previous studies of flutter from an en-
ergy standpointinclude the works of Frazer and Duncan,? Garrick
Barton,’ Greidanus® Crisp,” Carta,® and Nissim.” Because the elas-
tic and inertial forces are conservative and do no work on the wing
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over a closed path in phase space, for example, over one cycle of a
neutrally stable oscillation, the net work done by the aerodynamic
forces on the wing must at least equal the work done by the inter-
nal dissipative (damping) forces, otherwise self-sustained oscilla-
tions would not be possible. Thus, the extractionof energy from the
airstream is a necessary condition for flutter.

For the flutter instability to be dangerous, the supercritical re-
gion must allow the wing to extract energy at an increasing rate, to
produce rapidly increasing flutter amplitudes. The more destructive
types of flutter, such as bending-torsion flutter of slender wings,
are of this type. Structural damping, or damping added via con-
trol forces, is relatively ineffective in suppressing bending-torsion
flutter and may in some cases have a destabilizingrather than a sta-
bilizing effect. This damping anomaly has been the subject of much
discussion in the aeroelasticity literature over the years and is still
relatively poorly understood from a physical standpoint.It is known
to be intimately connected to the nonconservative nature of the un-
steady aerodynamic forces, or stated differently, to the observation
that the underlying boundary value problem is non-self-adjoint.

There are other flutter instabilities,usually weaker and thus not as
destructive as bending-torsion flutter, where the effect of structural
damping is both significant and predictable.Certain types of control
surfaceand trim tab flutter fall into this category. Because often only
a single degree of freedom is involved, the energy method provides
a simple and effective tool for analyzing and explaining these types
of flutter. The energy method can also provide valuable insight into
nonlinearflutter problems in transonic flows, where limit cycles and
flutter-divergence interactions can occur'® and nonclassical flutter
is possible through secondary Hopf bifurcations.!

This paper presents a new approachto the problem of flutter sup-
pression and aeroelastic control, based on energy concepts and an
aerodynamic work functional. Because flutter requires that the net
aerodynamic work be positive over an oscillation period, one can
show that for most wings such instabilities are possible only in a
finite (compact) region of phase space, bounded by a closed flut-
ter surface corresponding to neutral stability. This has often been
overlookedin aeroelastic control studies. If the open-loop design is
unstable, the energy approach provides a rational basis for aeroe-
lastic control because it permits us to determine how the aeroelastic
mode should be changed to stabilize the system. Furthermore, the
aeroelastic energy functional allows us to determine the closest sta-
ble region of phase space, or the stable region that can be reached
by expending the least amount of energy.

The use of simplified aerodynamic models is very prevalent in
aeroservoelastic studies, and much research has been focused on
reduced-ordermodels for this purpose. In some cases, contradictory
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conclusionsregarding the necessary or sufficient conditions for sta-
bilization of even simple typical section models in incompressible
flow have been reported. We believe that some of these discrepan-
cies can be explained in terms of differences and/or inherent lim-
itations of the individual aerodynamic models in the supercritical
region. Unless the aerodynamic model provides consistentand reli-
able estimates of the absolute aerodynamic damping in the unstable
region of the aeroelastic phase space, well beyond the linear flutter
boundary, the aeroservoelasticpredictionsare likely to be of limited
validity and thus also of limited practical value.

Aerodynamic Work Functional

Consider a thin slender wing, as shown in Fig. 1a. The aerody-
namic work done over a specified time interval [#,, 1,] is given by

o)
I=w, =/ 0%, dt 1)
4

where 0(q;, 4;, ¢;, . ..) is the generalized aerodynamic force cor-
responding to the generalized aeroelastic coordinate g;. Here and
in what follows, the summation convention for repeated indices is
implied, together with other common index notation conventions.
The form of the aerodynamic force will be left unspecified for the
moment, but it will be assumed that for a finite time interval [¢,, £, ],
the aerodynamic forces can be expanded in convergent Taylor se-
ries about the point t =¢, or can be approximated in the form of
asymptotic series or integralsinvolving only a finite number of time
derivatives.

Equation (1) can be considered a functional, in the sense of the
calculus of variations. It is natural to ask whether this functional
possesses stationary points and if any of these represent maxima,
minima, etc., of the correspondingaerodynamic work W,. Because
the unsteady aerodynamic forces are nonconservative, the aerody-
namic work is nota conservedquantity,and hence, thereis no energy
conservationprinciple connected with this functional. However, this
by itself does not preclude the possibility that the functional W,
as defined by Eq. (1) may possess stationary points. Obviously, if
such stationary points exist, the corresponding extremals g;(#) of
the aeroelastic system are of interest in the flutter control problem,
becausethey are optimal aeroelasticpath candidatesin the sense that
they minimize the energy transfer from the airstreamto the structure
during the specified time interval [#;, £,].

To study this problem, we will consider the concept of a varied
aeroelastic path, where each generalized aeroelastic coordinate g;
is given a small variation &g;,

gi(t) = q;(t) + eni(t) = q; (1) + 8q;(t) 2)

Typical
aerodynamic
strip

Bxyzt)=0
Fig.1a Aircraft wing.

4q;

g, = varied path

Fig. 1b Variation of aero-
elastic path defined by the
wing generalized coordinates
qi(t).

f I t

as shownin Fig. 1b. Here ¢ < 1 and the n;(¢), and hence also the dg;,
are smooth functions of ¢ with continuous derivatives through sec-
ond order, to satisfy the differentiability requirements of the equa-
tions of motion. By differentiating Eq. (2), we obtain the corre-
sponding variations of the generalized velocitiesas 6¢; = €1, and so
on for the higher derivatives.

A necessary condition for a minimum (or a maximum) of the
aerodynamic work functional to exist is that the first variation of
W, must vanish,

W, =/2 [0 8d: + 507 g: ] ar =/

1 4
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Integrating by parts, one obtains for the various terms

? o ["d
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and so on for higher derivatives. If we assume that the state of the
system is known at ¢ =¢; and #, (as done in Hamilton’s principle),
then the boundary terms in Egs. (4-6) vanish, and the following ex-
pression for the first variation of the aerodynamic work is obtained:

("0, 204
oW, —/tl {( 24, qi — ar <aq7 )
204 A
+@<a%q> >6q, ( i)éqi}dt @)

Because the variations d¢g; are arbitrary, the fundamental lemma of
the calculus of variations'” requires that the following differential
equations be satisfied so that oW, =0:

004 004 d> {004
Ql q;i — Q q1+Q4 + — Ql qi —--=0
0q; dt / dr2 \ 94,

j=12....n 8

021)8q; dt )

where n is the number of degrees of freedom. These are the Euler—
Lagrange equations for the variational problem 6W, =0, whose
solutions define extremal paths for which the energy transfer from
the fluid to the structure takes on stationary (and possibly mini-
mum) values. Stated differently, the Euler-Lagrange equations give
n necessary conditions that a candidate optimal path, in the energy
sense, must satisfy to be a solution. Extensions to continuous sys-
tems (n— oo ) is straightforward and will not be pursued here.

To determine whether a given solution yields a minimum of W,
or a maximum, or neither, one must examine the second variation
8 W,, and it follows that

FW, > 0= min, FW, < 0= max 9)
For simple aerodynamictheories, this test can be carried out analyt-
ically, but for realistic aeroelastic calculationsusing computational
fluid dynamics (CFD) based aerodynamics, one must resort to nu-
merical schemes to evaluate & W,. In principle, at least, this can
always be done.
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Aeroelastic Energy and Energy Criteria for Flutter

The total energy of the aeroelastic system (wing) can be written
in Hamiltonian form as

E =¢;p; — L(q;,q;,1) (10)

where L(q;, g;,t) =T —V is the Lagrangian and p; =0L/0g; is
the generalized momentum corresponding to the generalized coor-
dinate g;. Taking total derivatives with respect to time,

—_—— e — + —p, = —
dr ot aq,-q’ ap,-p’ dr

d (oL oL A AWy
. ) =g0r =4 11
=dqi (dt (3%) 6q,-> 4 Q; ar (1n

Here we have assumed that the only nonconservativeforces present
are the aerodynamic forces and that the Lagrangian does not ex-
plicitly depend on time. Equation (11) simply states that the work
done by the aerodynamic forces goes into increasing the total en-
ergy of the wing, expressing the energy conservation law for the
fluid-structure system.

Note that our viewpointdiffers from that taken by Crisp,” who in-
cludeskineticenergies from the “apparentmass” terms and potential
energies from “aerodynamic spring” terms in the definition of the
total system energy. This in effect blurs the boundary between the
structure and the fluid and makes it difficult to give a clear meaning
to what exactly comprises the aeroelastic system. We believe that
aeroelastic stability should be defined in terms of the total mechan-
ical energy of the wing only, exclusive of aerodynamic terms. This
definition agrees with the accepted engineeringdefinition of flutter;
namely, that flutter exists wheneverthe wing is able to extractenergy
from the airstream and thus increase its total energy E =7 + U.

If one neglects the effect of structural damping, it follows that

dE _2E 3E  OE. d(,aL) oL oL .

E-W,=T+U-W, =E; =const (12)

where Ej is the initial energy of the wing at the zero reference point
for the aerodynamic work functional, for example, at t =7, =0.
Consequently,

dE  dW, .

dt - dt _qul_ PA (13)
whichis the rate at which the aerodynamicforces do net work on the
wing, or the aerodynamic power P,. It might seem that the correct
physicaland mathematical definition of flutter, or in this case the en-
ergy criterion for flutter, should be dE/dr > 0, but this is false. The
fallacy here is the implicitassumption that £ and W, are monotonic
functions of time, because time only enters implicitly through the
dependence of the aerodynamic work on ¢;, ¢;, ¢;, . ... However,
the generalized coordinates and velocities are oscillatory functions
both in the subcritical as well as in the supercritical region. Hence,
the time rate of change of E is typically both positive and negative
over portions of a flutter oscillation (Fig. 2). Figure 2 shows the tem-
poral behavior of E during transonic flutter of a three-dimensional
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Fig. 2 Oscillatory behavior of E = T + U during flutter; ONERA M6

wing at Mach 0.84 nonlinear three-dimensional Euler calculations for
different angles of attack.!3

wing.!? From these observations, it should be clear that the cor-
rect definition of flutter in terms of the energy exchange between
the fluid and the structure must involve an integrated aerodynamic
power, in the form of the aerodynamic work functional defined in
Eq. (1). The natural time interval [#,, f,] in this context is the period
T =2r/ o of the critical aeroelastic mode.

In cases where the system matrices are time varying, either be-
cause of transient flight conditions or thermal effects or because
of the presence of active or smart structures/actuators, the total en-
ergy is not conserved even in the absence of aerodynamic forces.
Nevertheless, the total mechanical energy of the structural system
is still the most meaningful gauge of stability in a practical engi-
neering sense. The energy criterion proposed by Crisp’ is somewhat
different, but may lead to the same flutter boundary as the present
criterion. The energy criterion proposed by Nissim’ is an extension
of the earlier linear aerodynamic work principle stated by Carta®
for simple harmonic motion, but with aerodynamic control forces
included. Although Nissim® is able to obtain a sufficient condi-
tion for stability in terms of the positiveness of the eigenvalues of
a Hermitian matrix involving only the aerodynamic forces, it can
be shown to be an overly restrictive condition, that is, it is not a
necessary condition for stability.

Aerodynamic Work During Bending-Torsion Flutter

To focus on the essentials, we will examine a classical typical
section model. The nondimensional equations of motion can be
written in the form

Uoxa sk (va 0\[a()/b] _ 02 [=Cu(@)
xo rEJ| a(r) 0 r2)| ar) | wu|2Cu(v)
(14)

where the standard typical section notation has been used, with
Yo =0,/ 0, T =0gt, & =da/dr, etc., and the reduced velocity is
defined by U =U,, /bw,. If one specializes to the case of simple
harmonic motion, as is done in classical linear flutter analyses, the
lift and moment on the typical section model, per unit span, can be
expressed in terms of the complex nondimensional coefficients A;;
of an aerodynamic matrix A, as follows:

L =Ly’ = —npe b’ o’[A(h/b) + Apal
M = Mye'” = +mps, b*@’[Ay (h/b) + Ayal (15)

or in matrix form as

—Lb w o(An A\ [(hlb i
= oo = mb A
()=o) () = mrin
hib
q= (16)
04

In the linear unsteady aerodynamic theories, the aerodynamic ma-
trix coefficients in Eq. (15) depend only on the reduced frequency
k =wb/ U, and the Mach number My, =Uy /ao .

In the linear case, where the superpositionprinciple remains valid
(in the transonicregion, this assumptionis no longer valid), the total
aerodynamic work can be considered a sum of two terms,

we =/2Re{M}Re{(x}dt

wh = —/ Re{L}Re{h}dt,
! 17

1

representing the aerodynamic work done by the airstream on the
wing section through the plunging and torsional motions, respec-
tively. Here, real parts must be taken of the individual factors, if
they are expressed in complex notation, because the differential
work expressions are quadratic forms. If we assume simple har-
monic motion,

h(t) = hpe'™”, at) = ape’ =" (18)
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where the bending and torsion amplitudes /o and o are considered
real and ¢ is the phase angle by which torsion lags bending, then the
integrals in Eq. (17) can be evaluated in terms of the acrodynamic
coefficients A;; and the parameters of the system. When integrating
over one period of oscillation, t, =2mn/w, t, =2(m + 1)7/ o, the
work per unit span becomes

AW! =72p, b*@Pho[ Al Ry — (AR sing — Al, cosd) o] (19)
AW =1 p b0’ o[ (AR sing + AL cos §) Ry + Abya ] (20)

where hy =h,/b is the nondimensional bending amplitude and the
R and I superscripts denote real and imaginary parts, respectively.
Note thatEqs. (19) and (20) include coupling terms betweenbending
and torsion, representing the work done on the bending mode due
to the forces (lift) induced by torsion, and vice versa. The total
aerodynamic work per cycle of oscillation is then

AW, = AW! + AWS = np b’ G F (&, ¢, k, Ms)
F(& ¢k, My) = AL &>+ {(Al, + AL ) cos ¢

_(Afz —Afl)sin(p}g + Aéz (21)
where & = hy/(boy) is the nondimensionalamplitude ratio, bending
to torsion. Equivalentexpressionsto Eq. (21) have also been derived
by Greidanus® and Carta.?

We note from Eq. (21) that for a given amplitude of torsional
motion, the aerodynamic work per unit span and cycle of oscilla-
tionis proportionalto the nondimensionalfunction F (&, ¢, k, M, ),
which in turn is a function of four variables, &, ¢, k, and M, . Only
the first three are related to the aeroelasticmode. For the linear case
under consideration, the flutter boundary is given by the solution(s)
to the equation

AW,
T2 pe b P

AW, = = F(& ¢, k,Mo) =0 (22)

where AW, is the nondimensional aerodynamic work per cycle
and is identical to the function F. For the flutter solution(s) to have
physical significance, that is, be realizable, the variables &, ¢, and
k must also satisfy the aeroelastic equations of motion. However,
without actually solving the aeroelasticequations, one can examine
the possiblesolutions of Eq. (22) and identify those regions of phase
space where the solutions are real with & >0 (flutter is possible)
and those regions where no real solutions with £ >0 exist (flutter is
impossible). The idea here is to partition the phase space of possible
flutter solutions into a stable region, where no flutter can occur,
and an unstable region, separated by the flutter boundary given by
Eq. (22).

To show that the flutter surface given by Eq. (22) is a closed
surface for fixed reduced frequency and Mach number, consider
first the case where the phase ¢ is kept fixed in Eq. (22), then F =0
results in a quadratic equation for the critical amplitude ratio

a&® — (bsing + ccosp)E —d =0 (23)

a=A!

__ AR _ 4R
1> b_AIZ Ay

c=—(Al, +AL), d=-Al (24)

In incompressible flow, the coefficients can be expressed as
a =—2/k)F(k), b = =2/ kK*)F(k) + (2/ k)G (k)

c=1/k+ 2/ k*Gk) + (1 —2a)(1/ k)F (k)
d =1/k)( —a) = (1/k>)(1 + 2a)G(k)

= (1/k)(1 + 2a) (% — a) F(k) (25)
where F' and G are the real and imaginary parts of the Theodorsen
function

@)
H, " (k)

Clhy = —5—"———
“ H (k) + iH” (k)

= F(k) + iG(k) (26)

Here, H? (k) = J,(k) — i Y, (k) is the Hankel function of the second
kind, of order n, and J, (k) and Y, (k) are the corresponding Bessel
functions of the first and second kind, respectively. The coefficients
of Eq. (23) are real, and the two solutions

o= (b sing +ccos¢ + \/(b sing + ccos¢)? + 4ad)| 2a (27)
are either both real or both complex, according to whether
(bsing + ccos¢)> +4ad =0  or
(bsing + ccos ¢)> + 4ad < 0 (28)

respectively. If the radicand vanishes, the two roots are identical.
Similarly, if the amplituderatio & is fixed and the phase ¢ is varied
to satisfy Eq. (22),

bsing + ccos¢p =aé —d/& 29)

For cases of practical interest, this equation typically has two real
roots in the primary interval 0 <¢ < 360 deg. For fixed k and M, ,
the loci of the roots of Eq. (22) defining the flutter boundary form a
closed curve, as shown in Fig. 3a. Figure 3b shows the aerodynamic
work function F' and illustrates that the unstable region is a finite
region of the phase space. Figure 4 shows the results of calculations

§
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Fig.3a Typicallocus of F = 0, defining neutral stability for fixed k and
Moo (flutter boundary) in two-dimensional phase space.

AW,

-VF,
Unstable

ﬁ'((((f

0
St!ble ¢

Fig.3b Corresponding aerodynamic energy surface.
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Fig.4 Loci of roots of the aerodynamic work function F for bending-
torsion oscillations in incompressible flow, calculated using Egs. (25-27)
witha =—0.5.



180 BENDIKSEN

0.005

T T T

£=01] g

AW,
gc?

-0.005

wll N
MAN |/

—
N

-0.015
0 90 180 270 360
a) Phase angle ¢ (deg)
0.005
r 5=01) o5
AW, j

0

gz Y/ \
-0.005 |

0.015 / '

0 90 180 270 360
b) Phase angle ¢ (deg)

0.005

AW, ’ / °°

-0.005 | f\

-0.015 L % :

0 90 180 270 360
) Phase angle ¢ (deg)
0.001 , \
0.0005 %
AW, C
gc? C
-0.0005 |
0.001 L—— - : '
0 90 180 270 360
d) Phase angle ¢ (deg)

Fig. 5 Aerodynamic work per cycle, per unit span, calculated for an NACA 64A006 typical section with elastic axis at 0.4c: a) Mo, = 0.5,k =0.2; b)

Mo =0.85,k=0.2;¢) M, =0.85,k = 0.1; d) same as c) for low values of &.

for the incompressible case, based on the Theodorsen theory for
a typical section [Egs. (25-27)] using the double precision IMSL
library to evaluate the Bessel functions. For a given reduced fre-
quency, the section is unstable for points (&, ¢) that fall inside the
correspondingclosed curve in Fig. 4. Note that for almost the entire
range of reduced frequencies, that is, 0.044 < k < oo, the unstable
phase angles fall in the interval 0 < ¢ < 180 deg; thus, flutter at
M, =0 is only possible if torsion lags bending. This also appears
to be the case for most subsonic Mach numbers, but is no longer
true in the transonic regime.

In the quasistatic aerodynamic approximation, the lift and mo-
ment coefficients are given by

C, =Crla+hao,Us],  Cy =(&I2)Crala+hw,/Us]

(30)

where @ is the offset between the aerodynamic center and the elastic
axis, nondimensionalized with respect to the semichord b. If one
sets h =hge’” and a = oe?", the characteristic equation becomes

Ap*+ Bp* + Cp*+ Dp+ E =0 3D

A:ri—xi, D:(r§| U)/l

B = (r2 +éx,)MU, E =2 - 2a)

C=(1+7)ri—@+x)2, A= (0% mu)Cra (32)
where Ais a flutter or bifurcationparameter. The characteristicequa-
tion (31) has fourroots, which occuras two complex conjugate pairs,

Pip =pip Tioy, D34 = Do Tl (33)

because the coefficients of Eq. (31) are real. The two complex pairs
correspond to the two aeroelastic modes in the system, that is, the
bending and torsion branches.

Although the quasistatic approximation has been used in some
aeroservoelastic studies to study the effectiveness or suitability of
various control laws, our calculations indicate that it is unsuitable
for this purpose. The main reason appears to be that the aerody-
namic damping associated with the two aeroelastic branches, one

stable and one unstable, may be poorly modeled by the quasi-static
approximation. This is especially true if the aerodynamic damping
terms are neglected, in which case the model gives unrealistic root
loci in the supercritical region.

In the transonic region, the aerodynamic work must be obtained
through direct numerical integration of Eq. (1), using CFD meth-
ods to obtain the unsteady aerodynamic forces. Examples of such
nonlinear Euler calculations for an NACA 64A006 typical section
are shown in Fig. 5. Nonlinear effects due to shock motion are
sufficiently strong to cause a noticeable first-order violation in the
superposition principle [implied in Egs. (17) and (21)], and the un-
stable region is enlarged. In all cases, the unsteady Euler equations
were time marched to get W,, while keeping the torsional ampli-
tude fixed at 1 deg about a mean angle of attack of oy =3 deg. Note
the strong almost sinusoidal dependence of AW, on the phase an-
gle ¢ and the characteristic peak instability at positive angles in the
60-90 deg range. These calculations verify the hypothesis that the
typical section can be stabilizedat any ¢ by increasingthe bending-
torsion amplitude ratio & sufficiently so that the mode (&, ¢) falls
outside the closed flutter curve illustrated in Fig. 2a. This can most
easily be done by suppressing the torsion component of the flutter
mode.

Classical Flutter Revisited
Coalescence or Coalescence-Divergence Flutter?

Classical bending-torsion flutter is often described as a coales-
cence flutter, because in the absence of damping the frequencies
of the bending and torsion modes merge at the flutter point. For
incompressible or low subsonic flows, the typical section model
with quasi-staticaerodynamics provides a reasonable mathematical
model for explaining how this instability comes about and its over-
all qualitative characteristics. A representative example of such a
calculationis shown in Fig. 6, which is taken from Bisplinghoffand
Ashley.? The same exampleis also used to describe the basic physics
behind bending-torsion flutter in the text by Dowell et al.'* Here,
we haverecalculatedthe stability behavior of this model, by solving
the characteristicequation (31) numerically, using the double preci-
sion IMSL routine DZANLY. With the aerodynamic damping terms
included, flutter occurs at U =0.87, which is in agreement with
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Fig.6 Reexaminationof the classical bending-torsion flutter examplein Fig. 6-30 of Bisplinghoffand Ashley?: a) frequency and damping of aeroelastic
modes vs reduced airspeed, from Ref. 2; b) present calculations, solving characteristic equation (31) numerically using IMSL routine DZANLY; ¢)
present calculations extended into the supercritical region; d) present calculations, extended into supercritical region with the aerodynamic damping

terms neglected; € =0.4,r, =0.5,xq =0.2, wp/wq =0.5,0 =10, and Cr, =27.

Fig. 6-30 of Ref. 2. Without aerodynamic damping, the present cal-
culations yield a flutter speed of U =1.024. No value for this
case is given in Ref. 2, but Ref. 14 gives 1.06 for the undamped
flutter speed. Note that the value given for x,, in Refs. 2 and 14 ap-
pearsinerror, with Ref. 2 listing a value of 0.5, whereas Ref. 14 lists
0.05. However, neither of these values gives the stated flutter speed
of 0.87. After some trial and error calculations, it was concluded
that the correct value should (in all probability) be x, =0.20, which
is the value used in the present calculations.

Figure 6b shows our present recalculation for the subcritical re-
gion, with the aerodynamic damping terms included. Small differ-
ences are noted in the frequency behavior of the bending mode im-
mediately past the flutter boundary. There are also slight differences
in the subcritical damping levels of the torsion branch, compared
to Fig. 6-30 of Ref. 2, here reproducedas Fig. 6a. The supercritical
behavior of this aeroelastic model is shown in Fig. 6¢ and is very
different from what is suggested in Fig. 6a. It is often implicitly
assumed, and sometimes explicitly stated, that the aeroelastic mode
frequencies in the supercritical flutter region approach an asymp-
tote from above and below, respectively. This is certainly not true in
the present example, nor was it found to be true in a large number
of other typical section models examined. Instead, the prevailing
behavior can best be described as coalescence-divergence flutter,
where the mode frequencies tend to merge as the flutter boundary

is approached from below, but then reverse direction and start to
diverge after the system has crossed the flutter boundary and pene-
trated roughly 10-20% into the unstable region.

One possible explanation for this surprising behavior is that the
quasi-staticapproximationis unrealistic and that calculationsusing
a better aerodynamic model would reveal a more familiar frequency
coalescencebehavior. This is at the moment an open question; how-
ever, for all wings where the divergencespeedis nottoo far above the
flutter speed, at least one of the aeroelastic mode frequencies must
start to turn downward, toward zero, when the airspeed is not too far
beyond the flutter speed. Because there appears to be no physical or
mathematical reason why both mode frequencies should go to zero
at the divergence speed, frequency divergence in the supercritical
region must be expected somewhere between the flutter speed and
the divergence speed.

The calculatedsupercriticalaeroelasticeigensolutionfor this very
simple model reveals another surprise. From Fig. 6¢ it can be seen
that the frequency of the bending mode reaches zero at U = 1.45,
although an examination of the aeroelastic eigenvaluesreveals that
this is not a divergence point. Instead, at this airspeed the imagi-
nary part of the complex conjugate pair of roots corresponding to
the bending branch vanishes, leaving two identical negative (sta-
ble) real roots. As the airspeed is increased further, these two real
roots split apart, with one becoming more negative while the other
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root moves in the positive direction. At U =1.768 the latter root
crosses zero and divergence occurs. This divergence speed agrees
with the torsional divergence speed calculated from the classical
formula, based on static equilibrium considerations. Surprisingly,
we see from Fig. 6¢ that the aeroelastic eigenvalue responsible for
the divergence instability belongs to the bending branch, not the
torsion branch. Also note that although the condition w— 0 is a
necessary condition for divergence, it is not a sufficient condition.
In addition, one must have Re(p) > 0.

Figure 6d shows the correspondingroot loci if the aerodynamic
damping terms are neglected in the quasi-static approximation. In
this case the two mode frequencies merge at the flutter point and
remain together in the supercritical region, where they gradually
decreaseto zero. At U =1.732, or about 5% below divergence,both
frequencies have reached zero. Instead of two complex conjugate
pairs of eigenvalues, we now have four real roots, which start out
as two identical pairs +=pr. As the airspeed is increased further,
the pairs diverge into four distinct real roots of the form £ p;, and
+p,,, and at the classical divergence speed U =1.768, the roots
+pi, changeinto a purely imaginary complex conjugate pair of the
form +i w;.

For aeroservoelastic problems, where the postcritical flutter be-
havioris of importancein designing control laws, the message from
thisexample shouldbe one of caution. Simplified aerodynamicmod-
els that do a reasonablejob of predictingthe subcritical root loci and
the flutter speed may nevertheless predict a totally wrong aeroelas-
tic eigensolution in the supercritical region, especially at airspeeds
significantly past the flutter boundary.

Single-Degree-of-Freedom Flutter

In incompressible or subsonic linearized flow, single-degree-of-
freedom (SDOF) torsional flutter is possible only for rather unusual
combinations of parameters. According to Fung,' these include a
rotational axis forward of the one-quarter chord, but not too far
ahead of the leading edge, and a very low reduced frequency. The
energy methodis an effectivetool for analyzingthe conditionsunder
which SDOF flutter is possible, because the mode shape is known.
The presentcalculations(Fig. 4) indicate that SDOF torsional flutter
in incompressible flow is only possible for k <0.0440, whereas
Greidanus® obtained the critical range as k < 0.0435 (see Fung').
Note that for £ <0.0440, the instability loop intercepts the ¢ =0
axis, and a point located at x on the airfoil or its extension has the
vertical downward displacement

—z=h+ (x —baya =[hy + (x —ba)gle'”  (34)

which vanishes when x =ba — hy/ oy =b(a — &). The motion is
then equivalent to a pure torsional motion about an axis at that
point, and this motion is unstable for amplitude ratio(s) & that fall
inside the flutter loop at ¢ =0. This relation then gives the range
of axis positions for which SDOF torsional flutter is possible in
incompressible flow.

At transonic Mach numbers, however, SDOF torsional flutter be-
comes possible for typical section parameters and reduced frequen-
cies of practical interest, as is evident from Figs. 5b-5d. Usually,
this instability only occurs at nonzero angles of attack and is, thus,
a nonlinear effect. Results from SDOF nonlinear Euler calculations
for the NACA 64A006 airfoil oscillating around an axis at 0.4c are
shown in Fig. 7. At Mach 0.85, the aerodynamic work per cycle is
clearly positive for mean (trim) angles of attack above about 2 deg
and reduced frequencies below about 0.15. It is believed that this
SDOF instability interacts with the weak divergence also present at
Mach 0.85, to produce the (apparently) chaotic motion reported by
Kousen and Bendiksen'® and Bendiksen.!" Additional calculations
(not shown) indicate that the SDOF torsional instability extends to
Mach numbers well below the transonic region, at least to Mach
0.50 for trim angles of attack of 5 deg.

From a practical standpoint, the existence of such a SDOF tor-
sionalinstabilitymay seemunimportantbecauseits strengthis likely
to be much weaker than the corresponding bending-torsion insta-
bility. However, caution is in order because this additional unstable
root will most likely interact with the bending-torsion instability
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Fig. 7 Aerodynamic work vs time for SDOF torsional oscillations of
the NACA 64006 typical section model at Mach 0.85.

- -

o —_=

\
\
|
I
I
]

~

U

\
I
|
|
|
a) UF U;ontrol

Aeroelastic phase space

Unstable region

<

b)

Fig. 8 Two physical approaches to fl